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A B S T R A C T   

This paper presents the study of a two-degree-of-freedom (2DoF) stacked piezoelectric energy harvester (SPEH). 
The high performance of the 2DoF SPEH is achieved by the frequency up-conversion mechanism, which is 
realized by introducing a mechanical limiter. A theoretical model of the 2DoF SPEH is developed. A piecewise 
linear function describes the impact interaction that incurs the frequency up-conversion phenomenon. The 
approximated analytical solution is derived using the averaging method. Moreover, an equivalent circuit model 
(ECM) is established to capture the dynamic characteristics of the SPEH. Experiments are conducted to validate 
the theoretical and ECM models. The effects of system parameters on the SPEH’s output performance are 
investigated. Due to the impact-induced amplitude truncation effect, the operation bandwidth of the SPEH is 
substantially enlarged. For instance, the bandwidth was expanded to 6.3 Hz with a sponge gasket. The 2DoF 
SPEH can produce an instantaneous power with a peak amplitude of 521.6 mW under an excitation of 10.8 Hz 
with k = 0.098 N/mm. Based on the parametric study results, design guidelines to improve the system for better 
energy harvesting performance are discussed and summarized.   

1. Introduction 

Environmental contamination, the greenhouse effect, and energy 
deficiency continue to be major worldwide concerns. Meanwhile, 
traditional power sources, such as chemical batteries, cannot meet the 
fast development of the Internet of Things (IoTs), where billions of mi
croelectronic devices are to be deployed ubiquitously. Enormous efforts 
have been devoted to harvesting energy from the ambient environment, 
such as solar, kinetic, and geothermal energy, and converting them into 
electric energy to power microelectronic devices. Kinetic energy uni
versally exists in the ambient environment in various forms, including 
the flexion and extension of the fingers, the vibration of railroad tracks, 
and the surges brought by tides. Piezoelectric [1–5], electromagnetic 
[6–10], electrostatic [11–13], and triboelectric [14–16] mechanisms are 
the common methods to realize energy conversion; thus, they have been 
widely adopted in the design of different kinds of energy harvesters. 
Some researchers proposed combining different mechanisms to achieve 
hybrid systems [17–20]. Compared with other methods, the high-power 
density and more straightforward structural design logic of piezoelectric 

transduction have attracted substantial attention from researchers in 
this field [21–23]. 

Piezoelectric energy harvesters (PEHs) often operate in three modes: 
bending [24], torsion [25], and compression [26]. The piezoelectric 
materials correspondingly work in d31, d15, and d33 modes, respectively. 
It is well known that the piezoelectric coefficient d33 is almost two times 
greater than that of d31 [27]; therefore, making a PEH operate in the 33 
mode should lead to a superior design. A piezoelectric stack typically 
comprises multiple layers working in 33-mode [28–30]. PEHs in 31 
mode are widely integrated into cantilever beam types [31–34]. Given 
the same geometric dimensions, the power output of a stacked PEH 
(SPEH) is often higher than that of a cantilever-type PEH [35]. 

In addition to the benefit of producing a higher power output, the 
piezoelectric stacks are characterized by greater strengths and can, 
therefore, withstand higher stress than piezoelectric patches used in the 
31 mode [36]. In other words, the piezoelectric stacks are more suitable 
for the application in the environment under heavy loads, such as har
nessing mechanical energy from road surfaces [37–42]. Song et al. [43] 
demonstrated an integrated walkway PEH that could generate a 
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maximum power of 148.38 mW. It could collect sufficient energy to 
trigger a Bluetooth sensor after 22 steps of a 60 kg male. Cao et al. [44] 
placed a pressure fluctuation-based energy harvester in a pipeline sys
tem. It could generate an open-circuit voltage of 25.97 mV with an 
interface area of 50.24 mm2. Yang et al. [45] developed a SPEH to 
harness energy from the pavement. The open-circuit peak voltage of the 
PEH reached 280 V under a 4.41 kN load. The lifespan of the stacked 
PEH was tested to be more than 100,000 cycles. Moure et al. [46] in
tegrated 30,000 piezoelectric stacks into an asphalt pavement of 100 
metres. When a vehicle passed through at a speed of 100 km/h, the 30, 
000 piezoelectric stacks could generate an average power of 0.252 W. 

A reliable theoretical model can describe the dynamic behaviours of 
PEHs [47,48], thereby elucidating the electromechanical coupling 
behaviour, predicting the output performance, and guiding the system 
optimization [49–53]. Qian et al. [31] built an electromechanical 
coupling model in ANSYS and validated it experimentally. They also 
presented a distributed-parameter model of a multilayer-stacked PEH 
for predicting output performance under random excitations [54]. Chen 
et al. [55] developed a finite element (FE) model for a portable PEH and 
presented the experimental validation. Zhao and Erturk [56] established 
an electromechanical model of a piezoelectric stack to predict its dy
namic behaviour under uniaxial pressure loads within the off-resonant 
bandwidth. Shevtsov and Flek [57] developed a lumped parameter 
model based on a 3D FE model of a stack-based PEH. The simplified 
lumped parameter model has a much higher computational efficiency, 
thus easing iterative calculations towards system optimization. 

However, due to the high strength, the resonant frequencies of 
piezoelectric stacks are often much higher than environmental vibration 
frequencies. According to the fundamentals of vibration energy har
vesting, once the excitation frequency deviates from the resonant fre
quency of a PEH, the output power will drastically decrease. In recent 
years, many efforts have been devoted to broadening the working 
bandwidth of SPEHs. The proposed multi-stable [58,59] and 
multi-degree-of-freedom [60–62] structures operate in still relatively 
high resonant frequencies. The frequency up-conversion mechanism can 
convert low-frequency excitations into high-frequency responses. The 

frequency up-conversion technique can be adopted to adapt piezoelec
tric stacks for low-frequency energy conversion by enhancing the power 
output and enlarging the bandwidth [63–67]. Most existing research 
focuses on exploring the application of the frequency up-conversion 
technique in the design of cantilever-type PEHs working in the 31 
mode. Zhang and Qin [68] changed the working frequency of a 
harvester from 74.75 Hz to 106 Hz by just adjusting the rope margin. 
Panthongsya et al. [69] developed a frequency up-conversion PEH that 
consisted of 24 cantilever beams. The effect of the frequency 
up-conversion mechanism on SPEHs has rarely been studied. 

This paper demonstrates the structural design, theoretical analysis, 
and experimental study of a two-degree-of-freedom (2DoF) SPEH that 
employs the frequency up-conversion technique. The key novelties and 
contributions are: First, an electromechanical model is established, and 
the theoretical solution is derived. Moreover, an equivalent circuit 
model (ECM) of the 2DoF SPEH by considering the frequency up- 
conversion mechanism is established. Experiments are conducted to 
validate the theoretical and ECM simulation results. In addition, the 
effects of the system parameters on the energy harvesting performance 
of the 2DoF SPEH are thoroughly investigated. 

2. Theoretical model and approximated analytical solution 

Piezoelectric stacks can withstand greater loads than piezoelectric 
patches used in the 31mode. The force on the piezo-stack can reach 
hundreds of newtons [70–72] as the combination of a power amplifier 
and the impact mode under a large excitation. A structural configuration 
of an SPEH, as shown in Fig. 1, is proposed in this paper. The SPEH is 
comprised of a spring, a mechanical limiter, a force amplifier, a proof 
mass, an axle, and piezoelectric stacks. The force amplification mecha
nism generates a micro elastic-deformation induced by the impact of the 
proof mass. This section presents the theoretical modelling of the pro
posed SPEH and the derivation of its approximated analytical solution. 

The system presented in Fig. 1 can be simplified and represented as 
the model illustrated in Fig. 2(a). Fig. 2(b) shows the corresponding 
equivalent lumped parameter model. m1 denotes the proof mass. m2 

Fig. 1. The structural configuration of the proposed SPEH.  
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represents the equivalent mass of the axle, spring limiter, force ampli
fier, and piezo-stack. ki and ci (i = 1, 2) denote the equivalent stiffness 
and damping coefficient, respectively. The subscripts 1 and 2 denote the 
degrees of freedom related to m1 and m2, respectively. The governing 
equations of the 2DoF SPEH can be written as: 

m1ü1(t) + c1(u̇1(t) − u̇2(t)) + k1(u1(t) − u2(t)) + H(u1(t), u2(t)) = − m1ÿ(t)
(1)  

m2ü2(t) + c2u̇2(t) + k2u2(t) + c1(u̇2(t) − u̇1(t))
+k1(u2(t) − u1(t)) − H(u1(t), u2(t)) + θv(t) = − m2ÿ(t) (2)  

v(t)
R

+ Cpv̇(t) = θu̇2(t) (3)  

in which ui (i = 1, 2), y, v, R, Cp, and θ denote the displacements of the 
equivalent masses m1 and m2 relative to the base, the base excitation 
displacement, the output voltage, the external load resistance, the 
capacitance of the piezo-stack, and the electromechanical coupling co
efficient, respectively. The impact-induced nonlinear force is described 
by a piecewise linear function as: 

H(u1(t), u2(t)) =
{

K(u1(t) − u2(t) + d) u1(t) − u2(t) < − d
0 u1(t) − u2(t) ≥ − d (4)  

where K denotes the collision stiffness during the impact. 
Before solving the equations, it is noted that Eq. (3) does not involve 

the nonlinear term and contains only two unknown variables, i.e., v(t) 
and u2(t). Through Eq. (3), v(t) can be represented by u2(t). 

v(t) =
Rθ

1 + ω2R2C2
p
u̇2(t) +

ω2R2C2
pθ

1 + ω2R2C2
p
u2(t) (5) 

By defining c′

2 = c2 +
Rθ2

1+ω2R2C2
p
, k′

2 = k2 +
ω2R2C2

p θ
1+ω2R2C2

p
, Eq. (2) becomes: 

m2ü2(t) + c
′

2u̇2(t) + k
′

2u2(t) + c1(u̇2(t) − u̇1(t))
+k1(u2(t) − u1(t)) − p(u1(t), u2(t)) = − m2ÿ(t)

(6) 

In this way, the unknown variable v(t) can be eliminated from the 
governing equations, the number of the governing equations can be 
reduced, and the problem can be greatly simplified. Let x1(t) = u1(t) and 
x2(t) = u1(t) − u2(t), the governing equations, i.e., Eqs. (1), (6), become: 

m1 ẍ1(t) + c1 ẋ2(t) + k1 x2(t) + H(u1(t), u2(t)) = − m1 ÿ(t) (7)  

m2

(

ẍ1(t) − ẍ2(t)
)

+ c
′

2 (ẋ1(t) − ẋ2(t)) + k
′

2 (x1(t) − x2(t))

− c1 ẋ2(t) − k1 x2(t) − H(x1(t), x2(t)) = − m2 ÿ(t)
(8) 

Manipulating Eqs. (7) & (8) to eliminate ẍ1(t) from Eq. (8) gives: 

m2 ẍ2(t) + c
′

2 (ẋ2(t) − ẋ1(t)) + k
′

2(x2(t) − x1(t))

+

(

1 +
m2

m1

)

c1 ẋ2(t) +
(

1 +
m2

m1

)

k1 x2(t) +
(

1 +
m2

m1

)

H(x1(t), x2(t)) = 0

(9) 

The piecewise linear impact stiffness, i.e., (4), becomes 

H(x1(t), x2(t)) =
{

K(x2(t) + d) x2(t) ≤ − d
0 x2(t) > − d (10) 

The averaging method is employed to derive the analytical solution 
to Eqs. (8), (9). Without loss of generality, the base excitation is assumed 
to be in the form as [71,73]: 

y(t) = Ycos(ωt) (11) 

The displacements are assumed in similar forms as: 
{

x1(t) = a1(t)cos(ωt − θ1(t))
x2(t) = a2(t)cos(ωt − θ2(t))

(12)  

where a1(t),a2(t),θ1(t),andθ2(t) are slowly time-varying parameters. 
Hence, we can further propose the assumption that the velocities are in 
the concise forms as: 
{

ẋ1(t) = − a1(t)ωsin(ωt − θ1(t))
ẋ2(t) = − a2(t)ωsin(ωt − θ2(t))

(13) 

Differentiating Eq. (12), then equalling to Eq. (13) yields: 
{

ȧ1(t)cos(ωt − θ1(t)) + a1(t)θ̇1(t)sin(ωt − θ1(t)) = 0
a2(t)cos(ωt − θ2(t)) + a2(t)θ̇2(t)sin(ωt − θ2(t)) = 0

(14) 

On the other hand, substituting Eqs. (11)–(13) into Eqs. (7), (9) 
gives: 

ȧ1(t)sin(ωt − θ1(t)) − a1(t)θ̇1(t)cos(ωt − θ1(t))

=
1
ω

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− Ycos(ωt)ω2 − a1(t)cos(ωt − θ1(t))ω2

−
c1

m1
a2(t)ωsin(ωt − θ2(t))

+
k1

m1
a2(t)cos(ωt − θ2(t)) +

H(a2(t), θ2(t))
m1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= f1
(15)  

Fig. 2. Schematic of (a) the physical prototype; (b) the equivalent lumped 2DoF model.  
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ȧ2(t)sin(ωt − θ2(t)) − a2(t)θ̇2(t)cos(ωt − θ2(t)) =

1
ω

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− a2(t)cos(ωt − θ2(t))ω2 +
c′

2

m2
a1(t)ωsin(ωt − θ1(t))

−
c1

m2
a2(t)ωsin(ωt − θ2(t)) −

c1

m1
a2(t)ωsin(ωt − θ2(t))

−
c′

2

m2
a2(t)ωsin(ωt − θ2(t)) −

k′

2

m2
a1(t)cos(ωt − θ1(t))

+
k1

m2
a2(t)cos(ωt − θ2(t)) +

k1

m1
a2(t)cos(ωt − θ2(t))

+
k′

2

m2
a2(t)cos(ωt − θ2(t)) +

(
1

m1
+

1
m2

)

H(a2(t), θ2(t))

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= f2
(16) 

By defining ϕ1 = ωt − θ1(t) and substituting it into Eq. (15), one 
obtains 

f1 =
1
ω

⎡

⎢
⎢
⎣

− Ycos(ϕ1 + θ1)ω2 − a1 cos(ϕ1)ω2 −
c1

m1
a2 ωsin(ϕ1 − θ21)

+
k1

m1
a2 cos(ϕ1 − θ21) + H1

⎤

⎥
⎥
⎦ (17)  

where θ21 = θ2(t) − θ1(t), and 

H1 =

⎧
⎨

⎩

K[a2cos(ϕ1 − θ21) + a2cosϕ0] π + θ21 − ϕ0 ≤ ϕ1 ≤ π + θ21 + ϕ0

0
θ21 ≤ ϕ1 < π + θ21 − ϕ0

and π + θ21 + ϕ0 < ϕ1 ≤ 2π + θ21

(18) 

By defining ϕ2 = ωt − θ2(t) and substituting it into Eq. (16), one 

obtains 

f2 =
1
ω

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− a2 cos(ϕ2)ω2 +
c
′

2

m2
a1 ωsin(ϕ2 + θ2 − θ1) −

c1

m2
a2 ωsin(ϕ2)

−
c1

m1
a2 ωsin(ϕ2) −

c′

2

m2
a2 ωsin(ϕ2) −

k′

2

m2
a1 cos(ϕ2 + θ2 − θ1)

+
k1

m2
a2 cos(ϕ2) +

k1

m1
a2 cos(ϕ2) +

k′

2

m2
a2 cos(ϕ2) +

(
1

m1
+

1
m2

)

H2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(19)  

in which 

H2 =

{
K[a2cos(ϕ2) + a2cosϕ0] π − ϕ0 ≤ ϕ2 ≤ π + ϕ0

0 0 ≤ ϕ2 < π − ϕ0 and π + ϕ0 < ϕ2 ≤ 2π
(20) 

Solving Eqs. (14) & (15), one obtains: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ȧ1 = f1sinϕ1

θ̇1 = −
1
a1

f1cosϕ1

ȧ2 = f2sinϕ2

θ̇2 = −
1
a2

f2cosϕ2

(21) 

As a1, a2, θ1, and θ2 are slowly time-varying parameters, ȧ1, ȧ2, θ̇1, 
and θ̇2 can be considered to be zero.   

Eliminating θ1 and θ2 from Eq. (22) yields:  

where r1 = ωYπ, r2 =
Ka2 ϕ0
ωm1

+ k1 a2 π
ωm1

−
Ka2 sin(ϕ0)cos(ϕ0)

ωm1
, r3 = − c1 a2 π

m1
, r4 = −

r1, r5 = − r3, r6 = r2, r7 = − ωa1π, r8 = k′ 2 a1 π
m2 ω , r9 = c′ 2 a1 π

m2
, r10 = −

(
c1
m1

+ c1+c′ 2
m2

)
a2 π, r11 = r9, r12 = r8, and r13 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−
c1 a2 π

m1
cos(θ21) + ωYπsin(θ1) +

1
ω

[
Ka2 ϕ0

m1
+

k1a2 π
m1

−
Ka2 sin(ϕ0)cos(ϕ0)

m1

]

sin(θ21) = 0

− ωYπcos(θ1) +
1
ω

[
Ka2 ϕ0

m1
+

k1a2 π
m1

−
Ka2 sin(ϕ0)cos(ϕ0)

m1

]

cos(θ21) +
a2 c1 π

m1
sin(θ21) − ωa1 π = 0

c′

2a1 π
m2

cos(θ21) +
k′

2 a1 π
m2 ω sin(θ21) −

(
c1 a2 π

m1
+

c1 a2 π
m2

+
c′

2 a2 π
m2

)

= 0

c′

2 a1 π
m2

sin(θ21) −
k′

2 a1 π
m2 ω cos(θ21) +

1
ω

⎡

⎢
⎢
⎢
⎢
⎣

k1 a2 π
m1

+
Ka2 ϕ0

m1
+

k1 a2 π
m2

+
k′

2a2 π
m2

+
Ka2 ϕ0

m2

− ω2 a2 π −
Ka2 sin(ϕ0)cos(ϕ0)

m2
−

Ka2 sin(ϕ0)cos(ϕ0)

m1

⎤

⎥
⎥
⎥
⎥
⎦
= 0

(22)   

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(r10 r11 − r13 r8)
2

(r11 r9 − r12 r8)
2 +

(r10 r12 − r13 r9)
2

(r11 r9 − r12 r8)
2 = 1

(
r10 r11 r6 − r10 r12 r5 − r11 r7 r9

+r12 r7 r8 + r13 r5 r9 − r13 r6 r8

)2

r4
2(r11 r9 − r12 r8)

2 +
(r10 r11 r3 − r10 r12 r2 + r13 r2 r9 − r13 r3 r8)

2

r1
2(r11 r9 − r12 r8)

2 = 1

(23)   
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1
ω

⎡

⎢
⎣

k1a2 π
m1

+
Ka2 ϕ0

m1
+

k1a2 π
m2

+
k′

2a2 π
m2

+
Ka2 ϕ0

m2
− ω2a2 π

−
Ka2 sin(ϕ0)cos(ϕ0)

m2
−

Ka2 sin(ϕ0)cos(ϕ0)

m1

⎤

⎥
⎦. 

By solving Eq. (23), one obtains the solution to a1 and a2. Note that a2 
is the amplitude of x2(t). However, Eq. (5) indicates that the output 
voltage is proportional to the u2(t). According to the definition, it is 
known that: 

u2(t) = x1(t) − x2(t) = a1cos(ωt − θ1) − a2cos(ωt − θ2) (24) 

Therefore, the amplitude of u2(t) can be derived: 

U2 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(a1cos(θ1) − a2cos(θ2))
2
+ (a1sin(θ1) − a2sin(θ2))

2
√

(25)  

where 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

sin(θ1) =
r10 r11 r3 − r10 r12 r2 + r13 r2 r9 − r13 r3 r8

r1 (r11 r9 − r12 r8)

cos(θ1) =
r10 r11 r6 − r10 r12 r5 − r11 r7 r9 + r12 r7 r8 + r13 r5 r9 − r13 r6 r8

r4 (r11 r9 − r12 r8)

sin(θ2) =
r10 r12 − r13 r9

r11 r9 − r12 r8

cos(θ2) = −
r10 r11 − r13 r8

r11 r9 − r12 r8 

Finally, the voltage amplitude can be obtained: 

V =

⃒
⃒
⃒
⃒

iωRθ
1 + iωRCp

⃒
⃒
⃒
⃒U2 (26)  

3. Equivalent circuit model 

In this section, an equivalent circuit model of the 2DoF SPEH, as 
shown in Fig. 3, is developed using the commercial circuit simulation 
software SIMetrix to verify the analytical solution derived in the previ
ous section. According to electromechanical analogies, mechanical 
quantities, such as force, velocity, and displacement, are equivalent to 
the electrical quantities of voltage, current, and charge, respectively. 
The resistor, inductor, and capacitor in the electrical domain can 
represent the damper, mass, and spring in the mechanical domain. The 
piezoelectric harvester can be represented as integrating a capacitor and 
an ideal transformer connected in parallel. The base excitation is 
simulated by a voltage source. A nonlinear transfer function generates 
the impact force. The part on the left-hand side of the transformer in 
Fig. 3 represents the mechanical domain, and the right-hand side rep
resents the circuit domain. The left-hand side circuit is composed of two 
branches/loops since the mechanical domain of the energy harvester is a 
two-degree-of-freedom structure. A transient simulation should be car
ried out until the result reaches a steady state. A voltage probe can be 
placed to measure the terminal voltage of the resistance directly. 
Moreover, one can measure the voltages across the capacitors and 
calculate the accumulated charges to know the displacement informa
tion. More detailed procedures for establishing the equivalent circuit 
model of a piezoelectric energy harvester can refer to [74,75]. 

For the given system parameters listed in Table 1, the equivalent 
circuit simulation results are presented in Fig. 4. The approximated 
analytical results are also plotted out for comparison. It can be seen that 
the voltage output profile obtained by the ECM simulation is asymmetric 
since the impact occurs at only one side of the 2DoF SPEH. Therefore, 
the ECM model well captures the dynamic characteristics of the 2DoF 
SPEH based on the frequency-up conversion mechanism. Unfortunately, 
the averaging method employed is limited to the first-order approxi
mation. The response solutions assumed at the beginning are symmetric. 

Fig. 3. Equivalent circuit model of the 2DoF SPEH.  

Table 1 
System parameters of the 2DoF SPEH.  

Mechanical 
parameters 

Values Mechanical parameters Values 

Effective mass m1 (g) 29 Electromechanical coupling θ 
(N/V) 

0.054 

Effective mass m2 (g) 23.3 Capacitance Cp (μF) 1.732 
Effective stiffness k1 

(N/m) 
490 Base excitation (m/s2) 7.35 

Effective stiffness k2 

(N/m) 
1.449×106 Impact stiffness (N/m) 500,000 

Damping ratio ζ1 0.008 Initial gap (mm) 14.4 
Damping ratio ζ2 0.006 Load resistance (Ω) 1012  
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Fig. 4. Comparison of the theoretical and equivalent circuit simulation results. (a) the comparison of m = 21.6 g case; (b) the comparison of m = 29 g case; (c) the 
comparison of m = 37.2 g case. 

Fig. 5. Experiment setup: (a) Experiment setup with a fabrication prototype. The labels of the key elements are 1. Force amplifier, 2. Piezo stack, 3. Axle, 4. Proof 
mass, 5. Spring, 6. Limiter; (b) The proof masses of 37.2, 29, and 21.6 g; (c) The springs of k = 0.05, k = 0.098, k = 0.29, and k = 0.49 N/mm; (d) The gaskets made of 
sponge, silicone rubber (SR), and polyimide (PI) materials. 
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Thus, the analytical result exhibits a symmetric profile. Though the 
analytical amplitudes cannot precisely match the simulation results, the 
overall profile, i.e., the enlarged bandwidth region, qualitatively agrees 
with the simulation results. Therefore, the approximated analytical 
method is verified. Both the ECM simulation and approximated 
analytical results indicate that with the increase of the proof mass, the 
resonant frequency of the 2DoF SPEH moves toward a low-frequency 
direction. Moreover, with the increase of the proof mass, the resonant 
region becomes wider, i.e., the effective bandwidth is enlarged, and the 
voltage amplitudes over the bandwidth are increased. 

4. Experimental test and result discussion 

This section presents the experimental study to validate the results 
obtained from the equivalent circuit simulation. Fig. 5 shows the 
experiment setup and the fabricated prototype. As demonstrated in 
Fig. 5(a), the fabricated prototype consists of 6 components: a force 
amplifier, a piezo-stack, an axle, a proof mass, a spring, and a limiter. 
The proof mass, force amplifier, and limiter were all made of stainless 
steel (SS-304). The material used for the axle is 45# steel. Gaskets made 
of different materials (sponge, silicone rubber (SR), and polyimide (PI)) 
are used as impact buffers. Note that the stiffness of the sponge signifi
cantly increases when it is under compression. Table 2 lists the geo
metric and material parameters of the fabricated physical prototype. 
Different proof masses, springs, and gaskets were tested to investigate 
their effects on the output performance of the fabricated prototype. The 
fabricated prototype was fixed on a frame attached to the shaker (Econ. 
E-JZK-50). A controller (Econ. VT-9002) wasused to produce a 
customized excitation signal. An amplifier (Econ. E5874A) amplifies the 
excitation signal and drives the shaker to generate the desired 

excitation. An accelerometer (Econ. EAYD-181) was attached to the 
shaker to monitor the excitation, forming a closed-loop control of the 
shaker. The voltage output from the prototype energy harvester was 
measured and recorded by an oscilloscope (Tektronix MDO3024) 

4.1. ECM model validation 

In this section, a comparative analysis is performed between the ECM 
simulation and experimental results of the 2DoF SPEH to validate the 
ECM model established in Section 3. Given the spring stiffness of 0.49 N/ 
mm, Fig. 6 compares the ECM simulation and experimental results of the 
voltage output in the frequency domain from the prototype energy 
harvester. Over the frequency range under investigation, the excitation 
acceleration is controlled constantly at 0.75 G (G is the gravitational 
constant). The piezo stack is under open-circuit condition. Note that the 
voltage profile is asymmetric since the impact-induced amplitude 
truncation effect only occurs at one side of the 2DoF SPEH. Due to the 
presence of the limiter, the frequency response of the 2DoF SPEH ex
hibits a hardening phenomenon. As a consequence, the bandwidth of the 
2DoF SPEH is significantly enlarged to 18.3~24.3 Hz (Fig. 6(a)) when 
the proof mass equals 37.2 g. When the proof mass decreases to 29 g, the 
bandwidth becomes 20.4~26.1 Hz (Fig. 6(b)). Similarly, the simulation 
result profile is also asymmetric, and the effective bandwidth is 
widened. When the proof mass is 37.2 g, the bandwidth predicted by the 
simulation result is approximately 18.1~24.4 Hz (Fig. 6(a)). When the 
proof mass is 29 g, the bandwidth increases to 20.3~26.3 Hz (Fig. 6(b)). 
Hence, the ECM result agrees with the experimental result well. 

Subsequently, the time-history voltage outputs of the prototype en
ergy harvester predicted by ECM simulation and measured in the 
experiment are presented in Fig. 7 for further comparison. The excita
tion acceleration is controlled at 0.75 G, and the external excitation 
frequency is fixed at 22.3 Hz. The peak-peak voltage and the high- 
frequency component of the experimental result are about 4.9 V and 
1269 Hz, respectively. The analytical results of the peak-to-peak voltage 
and the high-frequency components are 4.8 V and 1280 Hz, respectively. 
Considering the complexity of the physical model and many uncertain 
factors in the experiment, the ECM simulation result can be regarded as 
validated. 

4.2. Parametric study 

This section discusses the effects of the system parameters (i.e., proof 
mass, spring stiffness, and impact stiffness) on the energy harvesting 
performance. A series of parametric experiments are carried out to 
investigate the effects of system parameters on the frequency and time- 
domain voltage responses of the energy harvester. Working bandwidth 
is a crucial figure of merit to evaluate the performance of an energy 
harvester. A larger bandwidth indicates that the energy harvester can 
harness vibration energy from the ambient environment over a broader 

Table 2 
Geometric and material parameters of the fabricated physical prototype.   

Description Value 

SPEH Dimension (mm×mm×mm) 20 × 26.9 × 64 
Piezoelectric 

stack 
Material PZT-5H  

Number of layers 180  
Young’s modulus (GPa) 62  
Piezoelectric constant g33 (10− 3 V 
m/N) 

12.5  

Capacitance (μF) 1.732  
Density (kg/m3) 8000  
Dimension (mm×mm×mm) 5 × 5 × 18 

Proof mass Diameter (mm) 20, 18, 16  
Mass (g) 37.2, 29, 21.6 

Spring Stiffness (N/mm) 0.05, 0.098, 0.29, 0.49, 
0.98  

External diameter (mm) 8  
Free length (mm) 15 

GASKET Stiffness (N/mm) 2.15, 209.1, 364  

Fig. 6. Comparison of the frequency-domain voltage output results from the experiment and the analytical prediction. The excitation acceleration is controlled at 
0.75 G, and the spring stiffness is 0.49 N/mm. (a) the comparison of m = 37.2 g case; (b) the comparison of m = 29 g case. 
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frequency spectrum. Fig. 8 presents the experimental results. With 
increased excitation frequency, the voltage amplitude first increases and 
then decreases. The voltage profiles are all asymmetric because the 
impact occurs only at one side of the 2DoF PEH. The voltage in the 
positive zone of the y-axis first increases when the displacement of the 
proof mass is small, and no impact takes place. It then remains almost 
constant due to the impact-induced amplitude truncation effect. The 
voltage in the negative zone of the y-axis keeps increasing until the end 
of the bandwidth. Due to the impact-induced amplitude truncation ef
fect, the resonant peak is similar to being flattened; the bandwidth is 
thus stretched. 

Fig. 8(a) shows that the resonant peak shifts toward a high-frequency 
direction by decreasing the proof mass. The resonant amplitude at high 
frequencies is smaller; therefore, the impact occurs within a narrower 
frequency range. When the proof mass is 21.6 g, the amplitude trunca
tion effect is negligible, implying that impact barely occurs in the 2DoF 
PEH. From the broadband low-frequency energy harvester perspective, 
a heavier proof mass is more favourable. The results presented in Fig. 8 

(a) agree with the predictions of the theory (Fig. 4). The results in Fig. 8 
(b) correspond to the cases with a reduced spring stiffness of k = 0.098 
N/mm. As the spring stiffness decreases, the resonances shift to lower- 
frequency ranges. Similarly, the resonant amplitudes at low fre
quencies are relatively large, indicating that impact can occur more 
easily. Therefore, the impact-induced amplitude truncation effect be
comes more evident compared to the results presented in Fig. 8(a), and 
the bandwidth is enlarged. 

Subsequently, different gaskets are installed in the 2DoF PEH as 
impact buffers to modify the impact behaviour effectively. Qualitatively 
speaking, a softer gasket should lead to a minor impact stiffness. For the 
same system parameters as those in Fig. 8(b), (c) illustrates the corre
sponding results after introducing a sponge gasket. It can be observed 
that the voltage response curve becomes smoother due to the sponge 
gasket. However, the voltage amplitudes are decreased compared to the 
cases without using the sponge gasket (Fig. 8(b)). By fixing the proof 
mass (29 g) and the spring stiffness (k = 0.098 N/mm), Fig. 8(d) presents 
the results of several cases using gaskets made of different materials. 

Fig. 7. Comparison of the time-domain voltage output results from the experiment and the ECM simulation. The excitation acceleration is controlled at 0.75 G, and 
the spring stiffness is 0.49 N/mm. (a) the time-domain voltage responses of the ECM simulation; (b) the time-domain voltage responses of the experiment. 

Fig. 8. Voltage responses in the frequency domain from different experiment conditions under excitation acceleration of 0.75 G. (a) The frequency-domain voltage 
responses of different proof masses (21.6, 29, and 37.2 g) with k = 0.49 N/mm without gaskets; (b) The frequency-domain voltage responses of different proof masses 
(21.6, 29, and 37.2 g) with k = 0.098 N/mm without gaskets; (c) The frequency-domain voltage responses of different proof masses (21.6, 29, and 37.2 g) with k =
0.098 N/mm and the sponge gasket; (d) The frequency-domain voltage responses of gaskets made of different materials (sponge, PI, and SR) with m = 29 g and k =
0.098 N/mm. 
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Note that by using gaskets made of SR and PI materials, the bandwidths 
are significantly narrowed down. The retraction is because a softer 
material indicates a smaller impact stiffness and a weakened hardening 
effect. However, using the sponge gasket, the bandwidth is substantially 
enlarged. On the other hand, a softer material should lead to a smaller 
voltage amplitude due to a weakened amplitude truncation effect. 
However, sponge, SR, and PI materials may increase the damping and 
cause energy loss during the impact. Therefore, with gaskets made of 
sponge, SR, and PI materials, the voltage output from the 2DoF SPEH is 
decreased. Although using a steel gasket slightly increases the voltage 
output amplitude, considering the trade-off between the amplitude and 
the bandwidth, the sponge gasket is deemed the best choice to obtain the 
optimal 2DoF SPEH. 

It is well known that the dynamic behaviour of a nonlinear system 
also depends on the excitation magnitude. We have conducted experi
ments under different excitation accelerations in one of our previously 
published articles [76]. It can be easily inferred that the 2DoF SPEH will 
exhibit stronger nonlinear behaviour and a more pronounced 
impact-induced amplitude truncation effect with increased acceleration. 
In general, a larger excitation magnitude always results in a larger 
voltage amplitude, since the amplitude truncation effect is reinforced. 
Therefore, a larger excitation acceleration is deemed more favourable 
from the perspectives of the broadband low-frequency energy harvest
ing and enhancing the output performance of the 2DoF SPEH. 

To provide further insight into the dynamics of the 2DoF SPEH, 
steady-state time-domain responses picked from the resonant regions 
are demonstrated in Fig. 9, which were measured under a constant ac
celeration of 0.75 G. The excitation frequencies of the prototypes (k =
0.098 N/mm, no gasket) with proof masses of 21.6, 29, and 37.2 g are 
21.6, 10.8, and 9.7 Hz, respectively. The excitation frequencies of the 

prototypes (m = 29 g, no gasket) with spring stiffnesses of 0.05, 0.098, 
0.29, and 0.49 N/mm are 9.1, 10.8, 18.1, and 22.3 Hz, respectively. The 
excitation frequencies of the prototypes (k = 0.098 N/mm, m = 29 g) 
with PI, sponge, and SR gaskets were all set to 10.8 Hz. 

Although the external excitation is of low frequency, the dynamic 
responses of the 2DoF SPEH contain high-frequency components due to 
the impact-induced frequency up-conversion mechanism. Regardless of 
the system parameters, the time-history voltage responses all behave 
similarly to pulse signals, as demonstrated in the subfigures in the first 
row of Fig. 9. The frequency up-conversion mechanism forms the pulse- 
like signals. The external excitation drives the 2DoF SPEH to “slowly” 
vibrate. Once impact occurs in the 2DoF SPEH, high-frequency oscilla
tions are incurred. The frequency up-conversion effect can significantly 
increase the power density of the 2DoF SPEH. In Fig. 9(a), it is found that 
when the proof mass is 29 g, the voltage peak amplitude is the maximum 
amongst the three cases. By fixing the proof mass to be 29 g and varying 
the spring stiffness, the results in Fig. 9(b) indicate that k = 0.098 N/mm 
leads to the maximum voltage peak amplitude. As the spring stiffness 
decreases from 0.49 N/mm to 0.098 N/mm, the steady-state response 
voltage progressively increases, indicating that the impact-induced 
amplitude truncation effect is enhanced in the nonlinear system. The 
system is inclined to produce impact at lower spring stiffness, and if the 
spring stiffness surpasses a threshold, the impact is unlikely to occur. 
However, if the spring stiffness is too small (≤0.05 N/mm), the spring 
cannot deliver sufficient spring force, resulting in weakened impact and 
decreased voltage. Given m = 29 g and k = 0.098 N/mm, Fig. 9(c) 
compares the effects of gaskets made of different materials. Note that 
with the decrease of the gasket material stiffness, the voltage peak 
amplitude decreases. 

The second row of Fig. 9 reveals the resultant high-frequency 

Fig. 9. Time-domain voltage response and instantaneous voltage outputs from different experiment conditions in resonant frequency regions under excitation ac
celeration of 0.75G: (a) Time-domain voltage response with k = 0.098 N/mm but different proof masses (21.6, 29, and 37.2 g) and no gasket; (b) Time-domain 
voltage response with m = 29 g but different spring stiffness (0.05, 0.098, 0.29, and 0.49 N/mm) and no gasket; (c) Time-domain voltage response with k =
0.098 N/mm and m = 29 g, but different material gaskets (PI, sponge, and SR); (d) the frequency of instantaneous voltage output with different proof mass (21.6, 29, 
and 37.2 g) and k = 0.098 N/mm without gaskets; (e) the frequency of instantaneous voltage output with different spring stiffness (0.05, 0.098, 0.29, and 0.49 N/ 
mm) and m = 29 g without gaskets; (f) the frequency of instantaneous voltage output with different gasket materials (PI, sponge, and SR) and k = 0.098 N/mm and m 
= 29 g; (g) Instantaneous voltage output with proof mass of 37.2 g and spring stiffness of 0.098 N/mm, but no gasket; (h) Instantaneous voltage output with proof 
mass of 29 g and spring stiffness of 0.29 N/mm, but no gasket; (i) Instantaneous voltage output with m = 29 g, k = 0.098 N/mm, and an SR gasket. 
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components after up-conversion for the systems with different proof 
masses, spring stiffness, and gasket materials. The last row of Fig. 9 
presents the enlarged view of the time-history responses of the 2DoF 
SPEH over a single pulse period, from which the high-frequency 
component can be analysed. For instance, when the spring stiffness is 
0.098 N/mm, and the proof mass is 37.2 g, under an external excitation 
of approximately 9.7 Hz, the response frequency of the 2DoF SPEH is 
increased to 1332 Hz, which means an increase of tens and even hun
dreds of times. As the response frequency is significantly increased, the 
power output density of the 2DoF SPEH is remarkably enhanced. It can 
be observed that the voltage response curve in Fig. 9(i) is smoother than 
those in Fig. 9(g) and (h). This is because the case associated with Fig. 9 
(i) used an SR gasket, which is a relatively much softer material that can 
buffer the impact. In other words, SR material can increase the damping 
and energy loss during the impact. Therefore, the response curve of the 
highly-damped case is smoother. The concomitant consequence is that 
the voltage amplitude is drastically reduced. 

4.3. Optimal power analysis 

This section investigates the influence of the impact-induced 
amplitude truncation effect on the output power performance of the 
harvester. A series of experiments was carried out in the load spectrum 
to study the influence of different system parameters on the output 
power of the 2DoF SPEH, which is verified via capacitor charging tests. 
In addition to the voltage, another crucial parameter that indicates the 
performance of the harvester is the instantaneous power (P), which the 
following formula can calculate: 

P = V2
p− p

/
Rm (27)  

in which Vp-p and Rm are the peak-to-peak voltage across the external 
load and the resistance of the external load, respectively, since the 
harvester produces a pulse-like voltage output, the optimal resistance of 
the piezo-stack can be theoretically estimated by Rm = 1/(2πfCp)[77], in 
which f and Cp represent the frequency of high-frequency oscillation and 
the capacitance of the piezo-stack, respectively. The optimal impedance 
is inversely proportional to the frequency. In the previous section, it was 
noted that the impact-induced frequency up-conversion can signifi
cantly magnify the frequency of the instantaneous voltage response. 
Therefore, it can be predicted that the optimal resistance of the harvester 
should decrease with the increase of the instantaneous voltage fre
quency. Fig. 10(a)–(d) presents the power output from the 2DoF SPEH 
measured in the experiment by varying the resistance. It is observed that 
the instantaneous power increases with the growth of the external load 

and reaches the maximum value when impedance-matching is achieved. 
The voltage monotonously increases with the external resistance until it 
approaches the open-circuit condition. From Fig. 10(a), it is noted that 
under excitation with the frequency of 10.8 Hz and the acceleration of 
0.75 G, the maximum instantaneous peak power with the proof mass of 
29 g is 521.6 mW when the spring stiffness of the harvester is tuned to k 
= 0.098 N/mm. Moreover, the estimated optimal resistance of the 
piezoelectric stack is 72.9 Ω, which is in agreement with the experi
mental result (i.e., 72.3 Ω). When the spring stiffness is tuned to k =
0.49 N/mm, the optimal resistance is estimated to be 72.6 Ω. The 
optimal resistance determined in the experiment is about 69.7 Ω (Fig. 10 
(b)). Overall speaking, the experimental result is at the same level as 
predicted by the theory. When the sponge and SR gaskets are used, the 
corresponding optimal resistance is estimated to be 72.6 Ω and 86.4 Ω, 
respectively. The experimental results in Fig. 10(c) and (d) are basically 
consistent with the theoretical predictions. In addition to the instanta
neous peak power, the root-mean-square (RMS) power (Prms) of the 
energy harvester is investigated. The following formula can be used to 
calculate the RMS power of the 2DoF SPEH: 

prms =

∫ T
0 U2(t)

/
Rmdt

T
(28) 

The results are presented in Fig. 10(e) and (f). From Fig. 10(e), it can 
be seen that when no gasket is used, the maximum RMS power of 8.75 
mW is achieved by tuning the spring stiffness to 0.098 N/mm. When 
gaskets made of different materials are used, the RMS power decreases 
as the gasket material becomes softer (Fig. 10(f)). The RMS power of the 
case without using the gasket is 4.83 times as hugh as that of the case 
using an SR gasket. The up-conversion mechanism induced high fre
quency in the former case is 1.24 times as high as that in the latter. This 
finding indicates that a slight reduction in frequency leads to a signifi
cant decrease in the RMS power. 

To demonstrate the energy harvesting ability of the harvester in a 
relatively real application, capacitor charging tests are conducted, and 
the effective power of the harvester is calculated. A 220 μF capacitor 
with a maximum voltage of 25 V is used in the test. In the first test, the 
excitation acceleration is controlled at 0.75 G; the proof mass is fixed at 
29 g, and the spring stiffness is varied. The results are illustrated in 
Fig. 11(a). 

The charging time is 5 s, and the final voltage varies with the spring 
stiffness. Obviously, a higher charging voltage within the same period 
means a better energy harvesting performance. The final charging 
voltages of the cases with spring stiffness of 0.05, 0.29, and 0.49 N/mm 
are 0.86, 1.8, and 1.53 V, respectively. The case with the spring stiffness 
tuned to 0.098 N/mm yields the maximum charging voltage (i.e., 2.23 

Fig. 10. The peak-peak voltage & instantaneous power and the RMS power from the 2DoF SPEH: (a) the power output and peak-peak voltage of k = 0.098 N/mm; (b) 
the power output and peak-peak voltage of k = 0.49 N/mm; (c) the power output and peak-peak voltage of sponge gasket;(d) the power output and peak-peak voltage 
of SR gasket; (e) the RMS power for different spring stiffness (0.05, 0.098, 0.29, and 0.49 N/mm);(f) the RMS power for different gasket material (PI, sponge, and SR). 

Z. Li et al.                                                                                                                                                                                                                                        



International Journal of Mechanical Sciences 223 (2022) 107299

11

V). This result agrees with the conclusion obtained from Fig. 10(a). In 
the second test, the spring stiffness is fixed to 0.098 N/mm, and gaskets 
of different materials are used. The voltage charging histories are shown 
in Fig. 11(b). As expected, when the gasket material becomes softer, the 
charging voltage decreases. The following formula can calculate the 
average charging power: 

P =
C
(
U2

2 − U2
1

)

2t
(29)  

in which P, C, U1, U2, and t are the average power, the capacitance of the 
capacitor used in the test, the initial voltage, the final voltage, and the 
charging time, respectively. In Fig. 11(c) and (d), the average power 
corresponding to those tests is plotted. For example, the average power 
of the condition with the spring stiffness tuned to 0.098 N/mm is 0.11 
mW. When the spring stiffness is tuned to 0.49 N/mm, the power de
creases to 0.051 mW. Fig. 11(c) clearly shows that the charging power 
decreases with the decrease of the impact stiffness (i.e., the gasket ma
terial becomes softer). In general, the excellent energy harvesting per
formance of the harvester due to the frequency up-conversion 
mechanism is validated. 

5. Conclusions 

In conclusion, this paper has proposed a 2DoF SPEH with excellent 
energy harvesting performance. The frequency up-conversion mecha
nism has been subtly employed to adapt a high-strength piezoelectric 
stack for low-frequency energy harvesting. The theoretical model of the 
2DoF SPEH has been presented, and the approximated analytical solu
tion was derived. An equivalent circuit model (ECM) has been estab
lished for capturing the dynamic characteristics of the 2DoF SPEH. The 
experimental results validated the theoretical and ECM models. A 
parametric study has revealed the effects of various system parameters 
(proof mass, spring stiffness, and impact stiffness) on the performance of 
the 2DoF SPEH. 

The dynamic characteristics of the proposed 2DoF SPEH are sum
marized as follows. First, a suitable proof mass and a spring stiffness 
combination can yield a 2DoF SPEH with an enlarged bandwidth and 
enhanced instantaneous power peak. Second, increasing the impact 

stiffness can lead to a higher instantaneous power peak. However, 
considering the trade-off between the bandwidth and the power peak, a 
sponge gasket should be selected to soften the impact properly. 

A comparative study has shown that when the proof mass is fixed at 
29 g, and the spring stiffness of the harvester is tuned to 0.098 N/mm, 
the 2DoF SPEH can produce instantaneous power with a peak amplitude 
of 521.6 mW under an excitation of 10.8 Hz. The impedance-matching 
analysis demonstrates that the optimal resistance of the 2DoF SPEH is 
approximately 70 Ω. 
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Fig. 11. Charging performance of the 2DoF SPEH using a 220 μF capacitor: (a) charging curves of the cases using different spring stiffness (0.05, 0.098, 0.29, and 
0.49 N/mm); (b) charging curves of the cases using different gasket material (PI, sponge, and SR); (c) the average power of the cases using different spring stiffness; 
(d) the average power of the cases using different gasket materials. 
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